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REAL HOLOMORPHIC CURVES AND 
INVARIANT GLOBAL SURFACES OF SECTION 

URS FRAUENFELDER AND JUNGSOO KANG 


Abstract. In this paper we prove that a dynamically convex starshaped hypersurface in 
which is invariant under complex conjugation admits a global surface of section which is 
invariant under conjugation as well. We obtain this invariant global surface by embedding 
into CP^ and applying a stretching argument to real holomorphic curves in CP^. The mo¬ 
tivation for this result arises from recent progress in applying holomorphic curve techniques 
to gain a deeper understanding on the dynamics of the restricted three body problem. 
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1. Introduction 

A global surface of section is a gadget which allows one to reduce the Hamiltonian dynamics 
on a three dimensional energy hypersurface to the study of an area preserving disk map. An 
influential result due to Hofer, Wysocki, and Zehnder [HWZ98] tells us that on a dynamically 
convex, starshaped hypersurface in a global disk-like surface of section always exists. Here 
we recall that dynamically convex means that the Conley-Zehnder indices of all periodic 
orbits are at least 3. For example hypersurfaces which bound a strictly convex domain are 
dynamically convex, but different than convexity the notion of dynamical convexity is a 
symplectic notion. The main result of this paper tells us that under the assumptions of the 
theorem of Hofer, Wysocki and Zehnder if our hypersurface is additionally invariant under 
complex conjugation we can choose the global surface of section invariant as well. 

The study of this paper is motivated by recent progress of applying methods from holo¬ 
morphic curve theory to the study of the dynamics of the restricted three body problem, 
see [AFFHvK12]. In particular, in [AFFHvK12] it was shown that below the first critical 
value for sufficient small mass of the smaller of the two primaries a global surface of section 
exists in the component around the small body. 

An interesting aspect of the Hamiltonian of the restricted three body problem is that it 
is invariant under an antisymplectic involution, [Poi92, Birl5]. This leads to the dichotomy 
of periodic orbits into symmetric and nonsymmetric ones, i.e. periodic orbits whose trace is 
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invariant under the involution respectively orbits whose trace is not invariant and which have 
to occur necessarily in pairs. 

The Levi-Civita regularization embeds a double cover of the energy hypersurface of the 
restricted three body problem in complex two dimensional vector space. The results from 
[AFPvK12] imply that below the first critical value the components of the energy hypersurface 
around the two primaries bound after Levi-Civita regularization a starshaped domain in 
complex two dimensional vector space. The fact that the restricted three body problem 
is invariant under an antisymplectic involution translates into the fact that the starshaped 
domains are invariant under complex conjugation. 

The main result of this paper asserts that if the boundary of an invariant starshaped 
domain is in addition dynamically convex, then it carries an invariant global disk-like surface 
of section. The results from [AFFHvK12] imply that this happens for example close to 
the smaller primary below the hrst critical value, if the mass of the smaller primary is small 
enough. We refer to [Kanl4] for a study of the nontrivial dynamical implications the existence 
of an invariant global disk-like surface of section has. For example the existence of an invariant 
global surface of section implies that there are either two or infinitely many symmetric periodic 
orbits and if there is at least one nonsymmetric periodic orbit, there have to exist necessarily 
infinitely many symmetric ones. 

In the paper [HWZ03] Hofer, Wysocki, and Zehnder applied techniques from holomorphic 
curve theory combined with methods from Symplectic Field theory to produce a global disk¬ 
like surface of section via a stretching argument. The method of proof of our result is inspired 
by the stretching argument in [HWZ03]. But different from [HWZ03] we apply technology 
from open string theory instead of closed string theory, namely real holomorphic curves, which 
are also used to dehne Welschinger invariants [Wel05]. 

Since real holomorphic curves have to be defined via antiinvariant almost complex struc¬ 
tures which in general do not satisfy the generic properties of general almost complex struc¬ 
tures, our approach requires some new ideas. Our main source of inspiration is the theory of 
fast finite energy planes due to Hryniewicz [Hryl2]. 

The problem due to lack of genericity of antiinvariant almost complex structures is that we 
are not able to guarantee that the binding orbit of our invariant global surface of section has 
Conley-Zehnder index 3. On the other hand our binding orbit is a symmetric periodic orbit. 
Now a symmetric periodic orbit has features from closed and open string theory. In fact it 
can be interpreted as a periodic orbit as well as a Lagrangian intersection point. Due to this 
fact, a symmetric periodic orbit carries two indices. We show in this paper how its index as 
a Lagrangian intersection point can be controlled. We give an interpretation of this second 
index in terms of winding numbers, inspired from the paper [HWZ95b]. This enables us to 
conclude that the invariant finite energy plane we obtain by the stretching method is fast 
in the sense of Hryniewicz. Because the real holomorphic curves we used in the stretching 
process were embedded, the invariant fast finite energy plane we obtain is embedded as well. 
A deep theorem of Hryniewicz based on the fundamental results by Hofer, Wysocki, and 
Zehnder than allows us to conclude that its projection to the contact manifold is an invariant 
global disk-like surface of section in case our contact manifold is dynamically convex. 

The two indices of a symmetric periodic orbit are not completely unrelated but their 
difference can be computed as a Hdrmander index. This allows us to conclude that the 
Conley-Zehnder index of the binding orbit of our invariant global surface of section is at most 
4. We could not decide so far, if it is possible to find always an invariant global surface of 
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section whose binding orbit has Conley-Zehnder index 3 and therefore leave this question as 
food for thought for future research. 

Acknowledgments. We would like to thank Peter Albers, Urs Fuchs, Chris Wendl, and Kai 
Zehmisch for helpful conversations. JK is supported by DFG grant KA 4010/1-1 and was 
partially supported by SFB 878-Groups, Geometry, and Actions during this project. 

2. Statement of the results 

On the complex two dimensional plane we consider the standard symplectic form 

oj = dxi A dyi + dx2 A dy2, 

where (zi,Z 2 ) = (xi -|- iyi,X 2 + iy 2 ) are coordinates on C^. The vector held 

^ I f d d d d \ 

^ = o Wio---f 2/2^ 

2V dxi oyi 0 X 2 oy 2 ^ 

is a Liouville vector held with respect to w. A closed hypersurface M C is called starshaped 
if the Liouville vector held L intersects it transversally. In particular, the one-form 

A := i^o; 

endows M a contact form a := X\m, whose associated contact structure ^ = kera coincides 
with the tight contact structure on M. Using the how of the Liouville vector held L we 
identify \ {0} with the symplectization (M x M,d{e'^a)) of the hypersurface {M,a) where 
r in the coordinate on M . The Reeb vector field X is dehned on M by the requirement 

a{X) = 1, ixda = 0 

and extended R-invariant to the symplectization R x M. An a;| ^-compatible almost complex 
structure J : ^ ^ is also extended to an almost complex structure J on R x M by keeping 

the hyperdistribution ^ invariant and satisfying JL = X. Such a SFT-like almost complex 
structure J is R-invariant and w-compatible. Abbreviate 

C:= {</gG°°(R, [0,1])|(/.'>0}. 

For cj) ^ C dehne G n^(R x M) by X(i){r,x) = 4>{r)a{x), (r, x) G R x M and set = da^. 
The energy E[u) G R of a map u : C —R x M is dehned as 



A map u : (C, f) — (R x M, J) is called a finite energy plane if it is (pseudo-) holomorphic, 
i.e. Tuoi = J oTu and satishes 

0 < E{u) < oo. 

The theory of hnite energy planes was intensely studied by Hofer, Wysocki, and Zehnder in 
[HWZ95b,HWZ96a,HWZ96b,HWZ99]. In the following, let us assume that our hypersurface 
M is nondegenerate, in the sense that all periodic orbits of the Reeb vector held X on M 
have precisely one Floquet multiplier equal to 1. Under this assumption, it follows from the 
results in [HWZ96a], that if ft = (a, u) : C —>■ R x M is a hnite energy plane, then 
converges in C°°(R/Z,M) to P{Tt) as s —>■ oo, where P G C°°{[0,T], M) is a periodic orbit 
of the Reeb vector held X, i.e. a solution of the problem 

P{t)=XiPit)), P{0) = P{T). 
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Definition 2.1. A finite energy plane u = {a,u) : C ^ M x M is called fast, if its asymptotic 
periodic orbit is nondegenerate and simple, and if u is an immersion and transversal to the 
Reeb vector field X. 

The notion of fast finite energy planes is due to Hryniewicz [Hryl2]. This terminology 
is explained from the fact that a fast finite energy plane decays asymptotically as fast as 
possible. The reason why fast finite energy planes are interesting, is that they are essential 
ingredients to construct global disk-like surfaces of section. 

In the following we consider the antisymplectic involution 

p:C^^C^, izi,Z2) ^ izi,Z2). 

Note that the Liouville vector field L is invariant under p, i.e. Tp{L) = L, so that p*X = —A. 
This restricts to an antisymplectic involution on the symplectization M x M = \ {0} of 

M that we still denote byp:MxM—>'MxM. IfMis invariant under p, p := p\m is an 
involution on M with p*a = —a and p = Mr x p on M x M. Note that Tp maps ^ to itself. 
We denote by Jp the space of wl^-compatible almost complex structures on ^ antiinvariant 
under p, explicitly 

p*J-.= {Tp\^)-^oJoTp\^ = -J. 

For any J € Jp, the associated SFT-like almost complex structure J is p-antiinvariant. We 
say that a finite energy plane u : (C, i) —>■ (M x M, J) for J & Jp is invariant, if it satisfies 

p o u = u o I 

where 

I I C —} C, z I —y z. 

Definition 2.2. Let M be a 3-dimensional smooth manifold with a smooth vector field X. 
A global surface of section for X on M is an embedded Riemann surface T, ^ M meeting 
the following requirements. 

i) The boundary of S consists of periodic orbits, called the spanning orbits. 

ii) The vector field X is transversal to the interior E of S. 

iii) Every orbit of X, except the spanning orbits, passes through E in forward and back¬ 
ward time. 

If in addition M carries a smooth involution p, a global surface of section E invariant under 
p is called an invariant global snrface of section. 

Throughout this paper, we are interested in starshaped hypersurfaces M C invariant 
under p with the Reeb vector field X on M. A starshaped hypersurface M C is called 
dynamically convex, if the Conley-Zehnder index of every periodic orbit of X is at least 3. 
If M C bounds a strictly convex domain, it is dynamically convex, see [HWZ98, Lon02]. 
Note that the notion of dynamical convexity is a symplectic invariant notion, while the notion 
of convexity is not. We mention the fact that there are examples of energy hypersurfaces for 
the restricted three body problem which are dynamically convex, although their Levi-Civita 
embedding is not convex, see [AFFvK13]. 

Theorem 2.3. Assume that M C C'^ is a starshaped hypersurfaee invariant under p such 
that (M, X) in is dynamically convex. Then M has an invariant global disk-like surface 
of section V for the Reeb flow with the following properties. 
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1. The Conley-Zehnder index of the spanning orbit ofT> is either 3 or f; 

2. dX\f, is symplectic and the area J^dX is identical to the period of the spanning orbit; 

3. The Poincare return map f : {'D,dX\^) (P, dA|^) is symplectic and the involution 

p\^ : {'D,dX\^) —)• {'D,dX\^) is antisymplectic. 

Theorem 2.3 is proved in Section 6. The existence of an invariant global disk-like surface 
of section immediately implies that there is a symmetric open book decomposition of M of 
which every page is a global disk-like surface of section, see Remark 6.6. In consequence we 
can find two invariant global disk-like surfaces of section. In fact, it is possible to construct a 
symmetric holomorphic open book decomposition by following a standard Fredholm theory 
in [HWZ99,Hryl2] but we decided not to include this because we could not find any advantage 
of holomorphicity in the present situation. However if {M,X) carries a dihedral symmetry, 
we expect that this is needed to construct an open book decomposition which respects the 
dihedral symmetry. The dynamical convexity assumption can be weakened as in [HSll]. 
Moreover we expect that our idea can be used to construct a symmetric finite energy foliation 
in the absence of dynamical convexity, see [HWZ03]. 

In the following example borrowed from [HWZ95a, Lemma 1.6], we can see a symmetric 
open book decomposition and two invariant global disk-like surfaces of section in ellipsoids. 


Remark 2.4 {Symmetric open book decomposition of ellipsoids). Consider an ellipsoid 


M + w! = i 

r^2 ' rr,2 

‘2 


An S'^-family of holomorphic planes 

He : C ^ M X P, 6 e 

where 6 is the angular coordinate on C is defined by 

ug{z) = {ag{z),ue{z)) = Q log vl^F+I,. 


Therefore we have a open book decomposition of E of which pages are given by 

Eg = {{zi, Z 2 ) ^ E \ Z 2 ^ 0M.+ with \z2\&[0,r2]} 

where 0M_|_ = {a9\a € K_|_}. Moreover every page is a global disk-like surface of section for the 
Reeb vector field X on E. In particular, Vi and E-i are global disk-like surfaces of section 
invariant under p. 


Reversibility of the Poincare return map. In the presence of an invariant global disk-like 
surface of section {V,p\x)), to find a symmetric periodic orbit is reduced to find a symmetric 
periodic point of the Poincare return map / on (R, pjp). A point x £ E is called symmetric 
periodic point if 

f^{x) = X, f^{x) = p{x) for some A:, £ € N. 

Due to p*X = —X, f obeys the reversible condition, namely 

f°p\v = P\v°f~^- 

Concerning the study of symmetric periodic points of reversible maps, we refer to [Kanl4]. In 
particular, it was proved that every area preserving map on the open unit disk in the complex 
plane reversible with respect to a reflection about an axis has at least one symmetric fixed 
point, i.e. k = i = I, and that there are infinitely many symmetric periodic points provided 
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another (possibly nonsymmetric) periodic point. Note that the Poincare return map and the 
involution on T> is smoothly conjugate to an area preserving map and the reflection on the 
open unit disk, see [HWZ98, Section 5]. Since the spanning orbit of T> is symmetric, we have 
the following consequence which refines [HWZ98, Theorem 1.1]. 

Theorem 2.5. Let (M,X,p) be as in Theorem 2.3. There are either two or infinitely many 
symmetric periodic orbits. Furthermore, a nonsymmetric periodic orbit ensures infinitely 
many symmetric periodic orbits. 

Denote by P' a symmetric periodic orbit which corresponds to a symmetric fixed point of 
the Poincare return map / on (D, p|^) guaranteed by [Kanl4]. The following result follows 
immediately from Theorem 1.2 and Lemma 4.13 in [Hryll]. 

Theorem 2.6. The symmetric periodic orbit P' is a spanning orbit of another invariant 
global disk-like surface of section. 

3. Indices for symmetric periodic orbits 

In [HWZ95b], Hofer, Wysocki, and Zehnder introduced an alternative equivalent definition 
of the Conley-Zehnder index using winding numbers of eigenvalues of a certain self-adjoint 
operator. This allows us to link the asymptotic behavior of a finite energy surface to the 
Conley-Zehnder indices of the asymptotic periodic orbit, see Section 3. In order for the study 
of invariant finite energy surfaces, we will prove analogous results for the Robbin-Salamon 
index and establish a relation between the Conley-Zehnder index of a symmetric periodic 
orbit and its Robbin-Salamon index. 

3.1. Robbin-Salamon index. We denote by Lag(]R^") the Grassmanian manifold of La- 
grangian subspaces in with the standard symplectic structure Wstd = dx A dy. For a 
path of Lagrangian subspaces A : [0,T] —>• Lag(]R^") and a single Lagrangian V € Lag(]R^"), 
Robbin and Salamon in [RS93] define a Maslov-type index 

ms(A, P) € -Z. 

This takes values in Z ^ if re = 1, A(0) = V, and A(r) n P = {0}. Among many other 
properties, the Robbin-Salamon index has the following properties, which will be used in the 
sequel. 

1. (Maslov) If A : [0, T] —Lag(M^"') is a loop, i.e. A(0) = A(r), /rR,s(A,P) agrees with 
the Maslov index. In particular it is independent of the choice of P. 

2. (Reversal) For A : [0,T] ^ Lag(M^”), 

lfRs(A, P) = -^rs(A, P) 

where A(t) := A(T — t). 

3. (Naturality) If F : [0, T] Sp(M^"') is a path of symplectic matrices, for Pi, P 2 G 
Lag(R2”), 

ms(rPi,P2) = -m(r-V2,Pi). 

In contrast if F is a path of antisymplectic matrices, 

/^Rs(rPi,P2) = //Rs(r-V2,Pi). 
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4. (Homotopy) If Aj : [0, Tj] Lag(]R^"’), i = 1, 2 are homotopic with the same ends, 
i.e. Ai(0) = A 2 ( 0 ) and Ai(ri) = A 2 {T 2 ), 

Ars(Ai, y) = /iRs(A2, V). 

5. {Catenation) For Aj : [0,Tj] —>■ Lag(]R^’*), i = 1, 2 with Ai(Ti) = A2(0), 

Ars(Ai, V) + /iRs(A2, V) = //rs(A2#Ai, V) 
where the operation ^ joins two paths so that Ai^A 2 : [0,Ti + r 2 ] —)• Lag(M^"'). 

If 4' : [0, T] —Sp(]R^’*) is a path of symplectic matrices with 4'(0) = 1 and det(4'(T) — 
]lR 2 n) 7 ^ 0, the Conley-Zehnder index of 'h is defined by 

Atcz(^) := ms(gr(^'), A) 

where gr('I') = {{x, —'I'(x) | x G and A = {(x, —x) \ x G which are Lagrangian in 

X ® ^^std)- This coincides with the original definition of the Conley-Zehnder 

index, see [CZ84, SZ92]. 

The following propositions for loops of Lagrangians will be useful later. 

Proposition 3.1. Let F, A{t) G Lag(M2’") for t G [0,r] with A(0) = V. //T : [0,T] ^ 
Sp(M^"') such that r(0)F = r(T)F = V and r(0)A(l) = A(l), we have 

^Rs(rA, F) = ^rs(A, F) + ^Rs(rF, F). 

Proof. We hrst note that the two Lagrangian paths r{t)A{t) and {T{t)A{l))^A are homo¬ 
topic with fixed ends. Indeed, the map F : [0,1] x [0, r] ^ Lag(M^"’) given by 

_ r A( 2 t) t < f, 

'"'"’‘’“I + t>f 

and a reparametrization of F{l,t) provide a homotopy between them. By the homotopy 
property and the catenation property, we have 

/iRs(rA, F) = /iRs(A, F) + /iRs(rA(l), F). 

We can rewrite the last term using the naturality property and the Maslov property as follows 
since F'^F is a loop of Lagrangian subspaces by the assumption. 

/rRs(rA(l),F) = -/iRs(F-V,A(l)) = -/rRs(r-V,F) =/iRs(rF,F). 

This proves the proposition. □ 

Proposition 3.2. Let ly be an antisymplectic involution withFixIy = F G Lag(M^”) 

and let F : [0, T] —>■ Sp(M^”') satisfying 

ivmiv = nr-1). 

Then we have 

ARs(rF,F) = 2^Rs(riF,F) 
where Fi := FjjQ tj : [0, —> Sp(M^"'). 

Proof. Abbreviate F 2 (t) := r|jT : [0, —>■ Sp(M^"') so that F = ri#F 2 . Then by 

the catenation property we have 

/rRs(rF, F) = ^Rs(riF, F) + ^Rs(r2F, F) 
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since T(^)V = V due to the assumption. Again by the assumption, 

r2(t) = ivTi(t}iv 

where ri(t) := ri(^ ~ and the proposition follows from 

ms(r2V, V) = fiRsUvTiivV, F) = /rRs(riV", v"). 

□ 

3.2. Winding numbers. Let Jq be the standard complex structure on 



Abbreviate = M/TZ. For a loop of symmetric matrices 

S:R^Sym(R2), S{t + T) = S{T), 
we define the unbounded self-adjoint operator on L^(5y,R^) by 

= -Jo^, - S{t) (3.1) 

at 

with domain domAg = R^). Since R^) L^(5^,R^) is compact, As is 

an operator with compact resolvent. Therefore the spectrum (j{As) of As consists entirely of 
isolated real eigenvalues of As which accumulate only at ±oo. Moreover, the multiplicity of the 
eigenvalues is at most 2 . Assume that a nonzero element 7 G is an eigenfunction 

with respect to the eigenvalue A € R. That is, 7 is a solution of the first order differential 
equation 

-Joiit) - S{t)'y{t) = Xjit), 

and thus 7 (f) 0 for all t G S^. Therefore we can associate to the eigenfunction 7 of As the 

winding number dehned by 

u;( 7 , A, S) := ^ [(arg( 7 (r)) - arg( 7 ( 0 ))] G Z. 

We recall the nontrivial properties of the winding number from [HWZ95b]. 

Lemma 3.3 ([HWZ95b]). Let S and A 5 be as above. 

1. If /3 and 7 are eigenfunctions belonging to the same eigenvalue A, 

w{/3,X,S) = w{j,X,S). 

Thus we set w{X, S) := w{'y, A, S) for any 7 in the eigenspace of A. 

2. For every /c G Z, 

#{A G R I u;(A, S) = k, Xg ^ 7 (^ 5 )} = 2. 

3. For any two eigenvalues A and fi G a {As) with X < fi, 

w{X, S) < w{fi, S). 

We denote the maximal winding number among the negative eigenvalues by 
a{S) := max {tc(A, S') | A G ^■(As) n (—00, 0)} . 

The properties of the winding number in the above lemma imply that the following number 
p{S) is either 0 or 1 . 

p{S) := min |t(;(A, S) | A G o'(A 5 ) n [0, oo)| — a{S) G {0,1}. 
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We define a Maslov-type index of a loop of symmetric matrices S : ^ Sym(M^) by 

:= 2aiS) + p{S) € Z. 

If we arrange the eigenvalues of As by j G {0,1}, f G Z so that 

w{\i,S) = i, X^iS)<Xj{S), (3.2) 

the index is rewritten by 

fi{S) = max{2i -|- j \ Xj (S) < 0}. 

For each : M —>■ Sp(M^) with 'I'(O) = 1 and 'I'(t -|- T) = 'I'(t)'I'(T), we associate the path 
of symmetric matrices 

S^(t) := 

satisfying 

Sq,(t + T) = Sq,(t), t€R. 

It turns out in [HWZ95b] that if det(^(T) — ]l]g 2 ) ^ 0, 

/^cz(^|[o,T]) = /^('S'-i.|[o,r])- 


Our next task is to relate the Robbin-Salamon index to the (half-) winding numbers of 
eigenvalues of a certain self-adjoint operator in a similar vein as above. Abusing notation we 
use the same letter to denote 



which is consistent with the original definition I{z) = z, z £ C via the canonical identification. 
We consider the following Sobolev spaces of paths with boundary conditions. 

L2([0,r/2],M2) = e L\[0,T/2],R‘^)\vi0), v{T/2) G M}, 
iy/’^([ 0 ,r/ 2 ],M 2 ) = e IF^’2Q0,r/2],M2)|u(0), v{T/2) G u(0), v{T/2) G *}. 

where M and zM stand for the real axis and the imaginary axis in respectively. Note that 
R = Fix/ and zR = Fix {—I). Let D{t), for t G [0, ^], be symmetric matrices in R^ such that 
i/(0) and D{^) are diagonal matrices. As before we associate to D the unbounded self-adjoint 
operator Ad in L^([0,T/2],R^) with domain domA^ = VFj’^([0,T/2],R^) defined by 

AD = -jA-D{t) (3.3) 

at 

The spectrum a{AD) of Ad consists of real eigenvalues of Ad, is discrete, and accumulates 
only at Too. Any nonzero eigenfunction 7 G T /2], R^) of Ad belonging to an eigenvalue 

A is never zero for all t G [0, r/2]. We define the relative winding number w{'y, X, D) as follows. 

w{-f,X,D) = ^[arg( 7 (r/ 2 )) - arg( 7 ( 0 ))] G ^Z. 

In what follows we show some properties of the relative winding number corresponding to the 
properties of the winding number in Lemma 3.3. 

Lemma 3.4. If (5 and 7 are nonzero eigenfunctions of corresponding to the same eigen¬ 
value A, they are linearly dependent, i.e., 

I3{t) = T-f{t), rGR\{0}. 
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Proof. We choose r € M \ {0} so that /3(0) = r 7 ( 0 ). Since K{t) := f3{t) — T^{t) ia also an 
eigenfunction with k(0) = 0, k = 0, and hence /3(t) = T'y{t). □ 

Thanks to the previous lemma, the relative winding number depends only on the eigenvalues 
oi Ad and thus we set 

w{X,D) := w{'y,X,D) 

where 7 is any eigenfunction oi Ad belonging to the eigenvalue A. 

Lemma 3.5. For each k £ Z, there exists a unique eigenvalue X of Ad satisfying 

w{X,D) = 

Proof. This follows from Kato’s perturbation theory [Kat76] and the fact that Ad is a 
bounded perturbation of the operator —cf. [HWZ95b, Lemma 3.6]. □ 

According to the lemma, we can arrange the spectrum of Ad by 

(7{Ad) = {Afe(iA)}fcgz 

where Xk{D) is characterized by 

w{Xk,D) = ^. (3.4) 

Note that A^ < A^+i, k £ Z, cf. [HWZ95b, Lemma 3.6]. As before we abbreviate the maximal 
relative winding number occurring for negative eigenvalues of by 

aj{D) = max{t(;(A, D)\X £ (t{Ad) n (— 00 ,0)}. 

We define a relative Maslov-type index by 

k-i{D) := 2ai{D) + - £ Z + -. 

Moreover, we can rewrite as 

m{D) = max{/c £ Z \ Xk{D) < 0} 

For T : M ^ Sp(M2) with T(0) = I, + T) = T(t)T(T), and T(-t) = the 

associated loop of symmetric matrices 

D^{t + T) = D^{t), t G M. 

additionally satisfies 

D^{—t) = t G M. 

In particular, iA(^), m £ Z are diagonal matrices. is the same as S^, by definition 
but we often use to emphasize that are diagonal. Checking the characterizing 

axioms of the Robbin-Salamon index [RS93, Theorem 4.1], one can show that 

k‘l{D-i\[0,T/2\) = ltRs(^|[0,T/2]l^!l^) 

provided 'I'(T/2)Mn]R = {0}, see (3.6). Note that v{t) £ ker if and only if v{t) = 4'(t)uo 
with Vo G M n 'I'(r/2)“^M. 
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On the other hand, one can associate the Conley-Zehnder index ^cz(^|[o,r]) ^ given 

path ih. To figure out the difference between ^cz(^|[o,r]) and /^Rs('h|[o,T/ 2 ]l^)J^))) we need 
another auxiliary index. Consider 

L^j([0,r/2],]R2) = {^; G L2([0,r/2],E2) |i;(0), v(T/2} € *}, 
lTif([0,r/2],M2) = {i; G VCh2([0,r/2],M2) |^;(o), v(T/2) € *, i;(0), u(r/2) G M}. 

Let Dq/{t) be as above, i.e. a path of symmetric matrices associated to T : M ^ Sp(M^) 
with 'I'(O) = 1, 'I'(t + T) = 'I'(t)'I'(T), and t) = We can define an unbounded 

self-adjoint operator 

^Dg)|[o,T/ 2 ] • ^ -^'-/([O, T/2], M^), V !-)■ —Joi) — Dq,v 

with dom^d^j^ij^ ([0,T/2],M^). As above we are able to define a relative winding 

number rc(A, Z)^|[o,t/ 2 ]) ^ each eigenvalue A G E of ^d^|[ot/ 2 ]' there is a unique 

eigenvalue A^ of with 

k 

i«(Afc,T>vi>|[o,T/2]) = 2 ’ keZ. (3.5) 

We define ^ 

k‘-l{D^\[ 0 ,T/ 2 ]) ■= max{A: G Z | Afc(iAvi/|[o,T/ 2 ]) < 0} + -• 

One can check again that 

/i_/(D,t|[0,T/2]) = ms(^|[0,T/2]*,*)- 

3.3. Symmetric periodic orbits and indices. Although the following proposition is stated 
for dimension 2 since we use the indices /i-/, /i/, and /i in the proof, it holds in higher 
dimensions as well. Long, Zhang, and Zhu [LZZ06] showed this for different (but equivalent 
up to constant) Maslov-type indices for every dimension. 

Proposition 3.6. // T : E —>■ Sp(E^) with 'I'(O) = 11, 'i>{t + T) = T(t)T(r), and '!'(—t) = 
/T(t)/, 

/^cz(^|[o,T]) = ms(^|[0,r/2]I^>I^) + Mrs(^|[0,t/2]*>*)- 
Proof. It suffices to show that 

/^(5'-f|[0,T]) = hl{S^\[0,T/2]) + h-l{S^\[0^T/2]) 

where : E —>■ Sym(E^) is a T-periodic loop of symmetric matrices associated to T as 
above. We consider the orthogonal decomposition 

l2(5^,e 2) = Li ©L 2 , W1’2(5^,e 2) = Wi ©IT 2 

where 

Li := {u G I v{—t) = Iv{t)}, L 2 := {v G L^(5')-,E^) | v{—t) = —Iv{t)}. 

and 

Wi := IT^’2(5^,E) nil, IT 2 := ^^’^(5^, E) n L 2 . 

Indeed for any v = (ui,U 2 ) G L^(5^,E^), the above decomposition is given by u = Ti -|- T 2 
where 

Vi{t)+Vi{-t) V2{t)-V2{-t) 



Ti(t) : 


2 


2 
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and 


T 2 (t) := 



2 


V2{t) + 


We choose a homotopy S' : [0,1] x M —Sym(M^) such that 

S{s,t + T) = S{s,t), IS{s,t)I = S{s,—t), S(0,t) = 0, S{l,t) = Sq,{t). 

Consider a path of operators Ag on Since —t) = IS^{s,t)I, 

^s\li ■ Wi C Li —7> Li, ^5^2 • C ^2 ^ -^2 


and thus 

In consequence, we have 
Observe that 


Ag — Agh^ 0 Agh^- 


o-(%) = U cr{Ag\L^). 


Lf([0,T/2],M^) — {u|[o,t/2] I V € Li}, L?_j([0, T/2],R^) — {u|[o^t/2] I v G L 2 }. 

Analogous identities hold for Wj’ , Wjj , Wi, and 11^2. A path of operators ^^1^^ can be 
seen as being dehned on Lj([0, T/2], R^) by restricting domain of paths. This restriction does 
not change the spectrum of The same holds for ^S{s,t)\L 2 and L^^([0,T/2],R2). 

We note that when s = 0, i.e. Aq = —Jo-§i, 

-^*(^olL2([0,r/2],R2)) = ^?(Ao), ^i(Ao|L2 ^qq^2./2],K2)) = 

for i G Z where Aj, A?, and \j are defined in (3.2), (3.4), and (3.5) respectively. Here A°(Ao) = 
A|(Ao). Due to Kato’s perturbation theory of the eigenvalues of self-adjoint operators in 
[Kat76] (or see [HWZ95b]), the path of eigenvalues A^(A^) is continuous in s G [0,T] and 
\j (A^) and A], (A^) meet only if i = i'. Thus, 

{A°(A^), A^ (Ag)} = {Ai(Ag:|^2QQ 7./2],]R2)), ^i(Ag|i2^Qo,T/2],R2))} 
for i G Z and s G [0,T]. This yields that 

max{2z + j | Aj (A^) < 0} = max{z | Ai(A^|^ 2 ) < 0} + max{i | Aj(A ^|^2 ^) < 0} + 1 
which in turn shows 


/^('S'-f|[0,T]) = IJ-i{S^\[o^t/2]) + /^-/(5''f|[0,T/2])- 


□ 


In higher dimensions, we denote by 

42n = ^ V R2” ^ R2”, R” = Fix42n, iR*" = FiX (-42n). 

\ U — ilRn J 

We say that a path T : [0, T] — >■ Sp(R^"’) is nondegenerate if 

dimker ('I'(T) — lR 2 n) = 0, 

and that a pair of a path of Lagrangians and a single Lagrangian ('I'(f)’F, V) for T : [0, T] —>■ 
Sp(R^"’) and V G Lag(R^”) is nondegenerate if 

dim(T(r)I/nl/) =0. 


(3.6) 




REAL HOLOMORPHIC CURVES AND INVARIANT GLOBAL SURFACES OF SECTION 


13 


Proposition 3.7. A path 'll : [0,T] —> Sp(]R^"') is nondegenerate if and only if both 
and (^'|[o,r/2]®"') nondegenerate. 


Proof. We write 



A B \ 
C D ) ' 



with respect to the decomposition © iW^. Suppose that detC 

if ui G kerC, (ni,0) € ker(^(T) — ]lR 2 n). Indeed, the claim follows from 


/R2n'I' 






0. We claim that 


since 'Ii(T) = I-^2n'^{T/2) ^/]g2n'I'(T/2). The case deti? = 0 follows in the same manner. 
To show the converse, we assume that 'I'(T)n = v for some v G Then since 


/ Avi — Bv2 
Y Cvi — Dv2 



Vl 

V2 



Avi + Bv2 \ 
— Cvi — Dv2 j ’ 


we have Bv 2 = Cvi = 0. Therefore 'I'(T/2)(ni,0) = (^ni,0) and 'I'(T/2)(0, 112 ) = {Q,Dv 2 ). 

□ 


The following propositions are also proved in [LZZ06] for their Maslov-type indices and 
there are analogous statements in higher dimensions. 

Proposition 3.8. Suppose that a path T : R —)> Sp(R^) is nondegenerate satisfying 'I'(O) = 11, 
'I'(t + r) = 'k(t)'Ii(T), and t) = I'^{t)I. Then we have 

\hCz{^\[o,T]) - 2^Rs('I'|[o,r/2]]R,]R)| < 1- 
In consequence, if Tcz{'^\[o,T]) ^ 3, 

Airs(^|[o,t/2]I^>I^) > 2' 

Proof. The first assertion follows from Proposition 3.6 together with the fact that the 
Hormander index 

/^h(^I[o,t/ 2];I^!*) := /iRs(^|[o,r/2]]R,]R) - /^Rs(^'|[o,t/ 2]*, *) 
takes values in {—1,0,1} which immediately follows from definitions. Then the fact that 
/iRs('I'|[o,T/ 2 ]l^) 1^) G Z + i under nondegeneracy shows the last inequality. □ 

Proposition 3.9. Tet T : R ^ Sp(R2) with T(0) = 1, + T) = T(t)T(r), and T(-t) = 

W{t)I. > 3/2, 

‘2th 1 

/^Rs(^'|[o,i:^]IK,IK) > -^, mGN. 

Moreover i//rRs(^|[o,T]R,R) > 1/2, 

liRs(^|[ 0 , 2 r^]l^>l^) > mGN 

and < 1/2, 

MRs(^|[0, mT j R,R)<i, mGN. 
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Proof. Let .j, and 

J 


[oA 


be the associated self-adjoint operators on L/([ 0 , |^],] 


and Lj{[0, respectively. Due to the assumption, there exists an eigenfunction 7 G 

Lj([0, belonging to a negative eigenvalue A of such that 




1 


r;(7,A,5>i,|jo T]) > -. 

We define 7 ™ by concatenating 7 and 7 / m-times where := I o — t), explicitly, 

t G It, 


7™(t) : = 





t 

T\ 

\ mT-\ 

T 


- 1 , t G 

0, — 


_r_ 

2 )' 

L 2 J 


where 


It := 


Then 7 ™ G is an eigenfunction of ^ 5^1 belonging to the same eigen- 


T 

“■2J 

mT 
2 


T ^ 

’ 2 1 


U ••• U 


(m — 1)T 


\ It 
{m — 1)T 


T 

+ 21 


value A. The claim follows from 


[oA 


Tin 

u;( 7 ™, A,5,i,|[o = mR;( 7 , A, T]) > —, m G N. 

The second claim is proved in the same way. To show the last assertion, we observe that the 
assumption guarantees that the eigenvalue A of with ri)(A, Tj) = 0 is positive. 

A is also a positive eigenvalue of and rc(A, mTj) = 0 for every m G N. This 

yields that every negative eigenvalue of 
and this proves the last assertion. 


[ 0 . 


has a negative relative winding number 
^ □ 


Let {P,T) be a periodic Reeb orbit in a contact manifold {M,a) of dimension 2n A- 1, i.e. 
P : [0, T] —> M with P(0) = P{T), t G M and P{t) = X{P{t)) where X is the Reeb vector 
field of (M, a). For a given unitary trivialization 

$p(t) $p(t) = $p(t + r), tGM 

of the contact structure ^ := kera along P, we obtain iLp : M —?> Sp(M^) the linearized Reeb 
flow along P with respect to the trivialization <I>p, given by 

'l'p(t) := <I>p(t) ^ o T(^^(P(0))|p*^ o <I>p(0), tGM (3-7) 

satisfying 

Tp(t + r) = Tp(t)^p(r). 

We call a periodic Reeb orbit {P,T) nondegenerate if 'I'p|[o,t] is nondegenerate. We define 
the Conley-Zehnder index of a periodic Reeb orbit (P, T) with respect to a trivialization 
^>P by 

I^cz(^) := I^Cz(^p|[0,T])- 

As observed, Tp defines a loop of symmetric matrices 

5p(t) ;=-JoTp(t)Tp(t)-i, S{t) = S{t + T), teR. (3.8) 

In dimension 2, we also have 


^J‘CziP) = I^('S'p|[o,r]) 
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if {P,T) is nondegenerate. Note that Sp and ifp depend on the trivialization $ along P 
although the notations do not indicate this. 

We consider an additional structure on a contact manifold (M, a), namely a smooth invo¬ 
lution p : M ^ M satisfying 

p*a = —a. 

We call a triple (M, a, p) with such an involution a real contact manifold. We shall 
associate the Robbin-Salamon index to a symmetric periodic Reeb orbit (P, T), i.e. 
imP = p(imP). By time shift, we may assume that 

p o P[t) = P{—t), t GR. 

In particular, 

( ttiT \ 

j G Fixp, mG’L. 

In order to do this, we need to trivialize ^ symmetrically. For any Hermitian connection V 
on the connection 

■■=\[^xY + V^px){py)) (3.9) 

is Hermitian again and satisfies 

^xY = ^lx)(pY)- ( 3 . 10 ) 

Recall that J'p is the space of (ia|g-compatible almost complex structures on ^ antiinvariant 
under p, i.e. p* J = —J ioi J G Jp. 

Lemma 3.10. Let : M —)■ {M,a,p) be such that p{t) = ip{t + T) and po p(t) = p{—t). 
Then there exists a symmetric unitary trivialization 

$(t,.) = $(t-br,.) 

of (^, J) for J G Jp along ip. To be precise, 

$(t)*da|^ = dx A dy, J(p(t))<l>(t) = <l>(t)Jo, o <^(t) = o 

where 

<I>(t) :=$(t,.) : {t} tGM. 

More generally, let (P^ \ F, /|£) 2 \p) be a disk with punctures satisfying /(F) = F where F is a 
finite set of points in P^. For a map p : (P^\F, /|£) 2 \p) —)> (M, a, p) such that pop = poI\jj2^Y: 
there is a symmetric unitary trivialization 

(p2\r,/|^2\r) X (M2",Jo,/K2n) ^ {p*i,J,Tp\^,^). 

Furthermore if F = 0, it is unique up to homotopy of symmetric unitary trivializations and a 
multiplication by diag(—1, !,...,!)€ 0{n) \ SO{n) C U{n). 

Proof. We fix complex vector space isomorphisms $(t) of iip{t) with C"" such that 

°^(*) = ^ = 

and extend them to whole p*^ by using the parallel transport induced by given in (3.9) 
and by patching trivializations symmetrically. Applying the Gram-Schmidt process, the first 
two identities follow and the third identity follows from (3.10). The punctured disk case is 
also proved in a similar way. We first symmetrically trivialize p*^ over Fix/£) 2 yp and extend a 
trivialization it to the left hand of Fix/p) 2 yp. Then we extend it to the right hand of Fix/p) 2 yp 
in a symmetric way. See [MS98] for details. 
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For the uniqueness statement, we choose G : U{n) with G{z)I = IG{z). Here we 

use the canonical identification = C”. It suffices to consider a half map with boundary 
condition: 

n M) C 0(n). 

Then there is a homotopy G : [0,1] x {D‘^ D H) ^ U{n) such that G{0,z) = l]R 2 n or 
diag(— 1,1,... , 1) € U{n), G{l,z) = G{z), and G{s,D^ n M) C 0(n). Since a change of 
two symmetric unitary trivializations is represented by such a map G, this proves the last 
assertion. □ 


Remark 3.11. To extend the above lemma for surfaces, one needs additional assumptions. 
A pair (S,/s) is called a real Riemann surface if a closed Riemann surface S carries an 
anticonformal involution Is : S —> S. In contrast to disks or spheres, not every anticonformal 
involution on a surface with genus has a fixed locus separating S. The fixed locus Fix Is 
of Is consists of at most genus(E) + 1 disjoint Jordan curves, called ovals. If the quotient 
space Ti/Is, which is called a Klein surface, is orientable. Fix Is divides S into two connected 
components. If the Klein surface S/Is is nonorientable, S\Fix Is is connected and the number 
of ovals is at most genus(S). In fact, the topological type of an anticonformal involution is 
characterized by the number of ovals together with the orientability of the Klein surface. For 
the study on symmetries on Riemann surfaces, we refer to [BCGGIO]. We expect that the 
above lemma is true for a symmetric map (p from (S \ F, /s\f) for a nonempty finite set F of 
points in S if Fixl^yp separates E \ F and Fix(T/9|^»^) over {p(FixIs,\r) is trivial. 

For a given symmetric unitary trivialization <I>p along a symmetric periodic Reeb orbit P 
together with the linearized Reeb flow Tcjf^, we obtain Tp : M —>■ Sp(M^"') and 5p : M —>■ 
Sym(M^"') given by (3.7) and (3.8) respectively. 


Lemma 3.12. Let Tp and Sp be as above for a given symmetric periodic orbit (P, T). Then, 
^p{-t) = -^R2»>'I'p(t)/R2n, Sp{-t) = I^2nSp{t)I^2ri. 

Gonsequently Sp{^^), m € Z are diagonal matrices. 


Proof. A direct computation shows 

Tp(-t) = ^pi-t)-^ O r0-*(P(O))|^,(„, o $p(0) 

= $p(-t)“^ o o T(j)^x{PiO))kp^Q) ° Tpkp(o) ° 

= 42 n o $p(f)"^ oT4)xiPiO))kpio) ° ° ^2- 

= 42"^p(i)42'i- 


The second identity follows from this and shows that 5'p(0) is diagonal. Moreover, since Sp 
is T-periodic, 

(^— — = I^2nSp(^ ~ ^2 = 42 nS'p^— + I]^2n 


and hence Sp{^) is diagonal as well. 


□ 


This lemma enables us to associate the Robbin-Salamon index to symmetric periodic orbits. 
A symmetric periodic orbit {P, T) naturally gives the Reeb chord 

T- 


G := P\ 


[o,il 


T 

0 ,- 
. 21 


’ ?}) ^ (fo^’Fixp). 
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If 'll P is the linearized Reeb flow along P with respect to a symmetric trivialization <I>, we 
define 





^ Sp(R2”). 


Then the Robbin-Salamon index of a chord (C, T/2) with respect to is dehned by 




A Reeb chord ((7, T/2) is called nondegenerate if ('I'c'M”,R”) is nondegenerate. As observed 
in Lemma 3.12, we have 


Dc := Sp|[o T 


0 , 


21 


^(Sym(R2-),Diag(R2-)) 


and especially in dimension 2, 

^^RsiC) = ^^I{Dc) 


provided that (C, T/2) is nondegenerate. 


In what follows we will describe the indices of symmetric periodic orbits under iteration. 
For m G N, we denote by (P"*,mT) the m times iteration of a periodic orbit {P,T), i.e. 


P™ : [0, mT] M, 


t hA P(t - T 



Cr, 


We can also iterate a chord {C,T/2) in {M,a,p) with (7(0), C{Tl2) G Fixp in the following 
sense. We define 

—y ilL, 1 1 —y p o C ^ • 

Note that {Cp,T/2) is also a chord with (7p(0), (7p(T/2) G Fix/?. We define {C^,mT/2), 
m G N by 

t \ 

t G It, 


T 

0 , - 

21 


C^{t) := 


C t-T 


Cpit-T 


TJ 

t 


where 


It := 


T 

2 \ 


U 


T, 


3T 

'Y\ 


u ■ ■ ■ u 


T 

), te 

mTi 

1 

2 

(m 

- 1)T 

(m — 


2 J’ 

L 2 


\ It 


+ 


2l 


Note that = {P^,mT) if {C,T/2) is the half-chord of a periodic orbit {P,T). We 

use a symmetric unitary trivialization ‘hp(t) : R^” —>■ Cp{t), t S R again to trivialize 
and ^p^(t), m G N. With this choice of trivialization, the following is a direct consequence 
of Proposition 3.8 and Proposition 3.9. The assertions concerning the Conley-Zehnder index 
are well known, see for example [Lon02] or [HWZ03, Appendix]. 


Corollary 3.13. Let (P,T) be a periodic Reeb orbit on (M, a) of dimension 3. For m G N, 


PcziP) > 1 
Mcz(-f’) — 3 


> 1, 

f^CziP^) — 2 "^- + 1 - 
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Let (C, T/2) be a Reeb chord on {M,a,p) of dimension 3. For m € N, 

A(G<5 ^ fRs(0<5. 

^ A(C™)>^. 

If {P,T) is a symmetric periodic orbit with P = C'^, 

hcziP) — 3 Mrs(^) — 2’ 

For a contractible periodic orbit, there is a preferred trivialization, namely a trivialization 
of ^ along a periodic orbit which is extendable to a filling disk. To be precise, we choose any 
filling disk P : —)■ M of a periodic orbit P, i.e. P\dD^ — P use a trivialization of P*f 

to define the index. Then the Conley-Zehnder index of P does not depend on the choice of 
trivialization of P*f and we can write pcz{P, P)- If Pi, P 2 are two filling disks of P, we glue 
Pi with the opposite orientation and P 2 along P and have Pi Up P 2 : 5^ —?> M. Then a well 
known fact is that 

hcz{P,Pi) = hcz{P,P 2 ) + 2ci(^)[A Up A]- 

A similar identity exists for the Robbin-Salamon index of chords. By the uniqueness 
statement in Lemma 3.10, a chord C together with a filling half-disk C : (P^ fl H, n 
M) —5- (M, Fixp), C|ap) 2 p|][| = C, uniquely determines the Robbin-Salamon index, so we write 
hRs{C,C). 

Corollary 3.14. Let {P,T) he a symmetric periodic orbit in {M,a,p) and (C, T/2) be its 
half-chord. If ^1 and ^2 o.re symmetric unitary trivializations off^p, we have the identity 

h%{C) = P%{C) + /iRs(4>r' o 

If Pi and P 2 are two filling disks of P so that there are two associated filling half-disks Ci 
and C 2 of C, 

hRs{C, Cl) = Prs{C, C 2) -i- Ci(^)[Pi Up P 2 ]. 


Proof. Abbreviate 


t G 


T 

0 ,- 
’ 2 


, i G{0,1}. 


and 

r(t) := <l>i(t)“^ o <^ 2 ( 1 ), ri:=r|jg Tp F 2 :=F|jT 2 .]. 

Using Proposition 3.1, we compute 

^rs(^iK”,]R") = PRs{<^i{t)-^ o 4.2(1) O 4-2(1) O 4.2(0)-^ O 4 .i( 0 )]R-,M'^) 

= hRsi^t)-^ o 4.2(1) o 4 - 2 ( 1 )M", M") 

= lXRs(^2(t)M",]R'^) +/iRs(riM’^,M"). 

This proves the first claimed identity. To show the last one, we assume that 4>i and 4.2 are 
restrictions over P of two symmetric unitary trivializations of Pf ^ and Pf ^ respectively. Then 
we have 

ci(0[Pi Up P 2 ] = ^PRs(rv, u) = /rRs(riU,u). 
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where the last equality uses Proposition 3.2. Hence the first assertion implies the last one. □ 

For the goals of the present paper, (M, a) will be a nondegenerate, starshaped hypersurface 
in invariant under p : {z\,Z 2 ) ( 21 ,^ 2 ) with the property that every periodic orbit is 

contractible and the first Chern class ci(^) of the contact distribution ^ = kera vanishes. In 
this particular case, we have observed that the indices depend neither on the choice of filling 
(half-) disks nor of (symmetric) unitary trivializations and hence we omit the superscripts 
indicating the choice of trivializations: 

fJ-Rs{C) G /icz(.P) G (3-11) 


4. Properties of invariant finite energy spheres 


We recall that a symplectic cobordism (H, H) is a symplectic manifold with cylindrical ends 
M_ X M_ and M+ x M_|_ such that there are contact forms a± on M± satisfying 

= d{e^^a±). 

Here M_ := (—oo,0], M+ ;= [0, 00 ) and r± are the coordinates on Mj-. It is often convenient 
to consider the decomposition 

H = (M_ X M_) UAf_ Hq Um+ (I1^+ X -^+) 

where Hq is a compact symplectic manifold with boundary (9Ho = M_ U M+. A symplectic 
cobordism may have only a positive/negative cylindrical end or can be compact. Note that 
a trivial symplectic cobordism of a contact manifold (M, a) is the symplectization (M x 
M,d{e^a)) of it. An almost complex structure J on (H,H) is called compatible if H(-, J-) is a 
compatible metric, cylindrical if J preserves contact hyperplanes = ker and = X± 
on cylindrical ends where X± are the Reeb vector fields of {M±,a±). We denote by J := 

From now on we always assume that J is compatible and cylindrical. Let (S^ = C U { 00 }, i) 
be a closed Riemann sphere and F be a finite set of points in 8“^. We call a map 

u:(52\F,i)^(H,J,H) 

a finite energy sphere if it is (pseudo-) holomorphic 

Til o i = J o Tu 


and has finite nonzero energy defined by 


E{u) 


sup 

0_eC_ 


.xM_) 


(j)-a- + 



H -|- sup 
0+eC+ 


/ 4>+a+ 

./'U~i(R+xM+) 


where 

C± := {</.±€C“(M±,[ 0 ,l])|<))'± > 0 }. 

In particular, if F = { 00 }, we refer to such a map as a finite energy plane. If the target 
(H, H) of u is the symplectization (M x M,d{e^a)) of {M,a), we write 

u = (a, u) : \ F —y M x M. 


If there is an antisymplectic involution p on a symplectic cobordism (H, H) such that 
{M±, a±, p := p\m±) are real contact manifolds, a triple (H, H, p) is called a real symplectic 
cobordism. A symplectization (R x M,d{e'"a),p) of a real contact manifold {M,a,p) where 
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p{r, m) := (r, p{m)) for (r, m) € M x M, is an example. Suppose that a compatible cylindrical 
almost complex structure J is antiinvariant under p, i.e. 

p*J = -J. 

The involution / on C defines an involution on 5^ = C U { 00 }. Suppose that the set of 
punctures T is symmetric, i.e. /(T) = T. Then I defines an involution on \ T and we 
denote it also by I. Then if u : (5^ \ h, i) —>■ (H, J) is holomorphic, so is pouo I. We denote 
by i7p the space of antiinvariant compatible cylindrical almost complex structures. We also 
denote by J^p the space of compatible almost complex structure on which is antiinvariant 
under p. Then J ^ Jp provided J G Jp. Henceforth an almost complex structure J is tacitly 
assumed to be an element in Jp. A hnite energy sphere u : (5^ \ T,I) —>■ is called 

invariant if 

u = p o u o I. 

or equivalently if u(z) = p o u{z), z € 3“^. If this is the case, the image of an invariant finite 
energy sphere u is invariant under the involution p and u(Fix/) C Fix/5. The hxed locus 
Fix / divides into two hemispheres and we denote by /)+ be the upper hemisphere with 
boundary. We denote by F/ the set of punctures on /?+, by Fq the set of interior punctures 
on /)+, and by Fg the set of boundary punctures on T)+, i.e. 

Fa:=FnFix/, Fq := F n/?+, F/:= T>+n F = Fg U Fq. 

We denote a holomorphic map uj from {D^\Tj,i) to (H, J) satisfying the boundary condition 
ui(FixI \ Fg) C Fix/5 by 

ui : (T)+,Fix/) \ Tj ^ (S,Fixp). 

and call it a finite energy half-sphere if E{ui) < 00 . If H = R x M, we write 

ui = {ai,uj) : (/)+, Fix/) \ F/ —>■ (R x M, Fix/i). 

If F = { 00 }, /)+ \ F coincides with the upper half-plane H := {z € C | Im(z) > 0} and uj is 
called a finite energy half-plane. 

4.1. Asymptotic behavior. Let u = {a,u) : 5*^ \ F ^ H be a finite energy sphere. A 
puncture z G F with a small neighborhood mapped to a bounded region can be removed (i.e. 
u extends smoothly over z) due to removal of singularities. Let ^ € F be a nonremovable 
puncture and U{z) be a sufficiently small neighborhood of z. In view of [Hof93], u maps U{z) 
into the cylindrical ends R± x M±. Moreover, if we write 

^U{z) = {a,u) :U{z) ^R± X M±, 

a{z') — 7 > ±00 as z' ^ z and u asymptotically converges (not necessarily uniformly) to a 
periodic orbit of the Reeb vector field X± of {M±,a±) a,t z G T respectively. From now one 
we tacitly assume that vr o Tu 7 ^ 0 on //(z), where tt : TM± —)• := kera±, so that 

is not a trivial cylinder over an asymptotic periodic orbit. We denote by Fj- C F the set of 
positive/negative punctures approaching periodic orbits of X± respectively. We assume that 
there is no removable puncture, i.e. 

F = r_ur+. 

Note that a hnite energy plane inside a symplectization always has a unique positive puncture 
due to the maximum principle. If the asymptotic periodic orbit is nondegenerate, a further 
study on the asymptotic behavior is carried out by Hofer, Wysocki, and Zehnder [HWZ96a]. 
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We recall some of their results indispensable to our story. We choose holomorphic polar 
coordinates cj)^ : M+ x —>■ U{z) \ z in a sufficiently small neighborhood U{z) of z € T. We 
denote by r^(^p) resp. the space of resp. W^’^-sections of —>■ P for a periodic 

orbit (P,T) of (M±,X±). 

Theorem 4.1 ([HWZ96a]). Let u : S'^ \ r ^ S be a finite energy sphere converging to a 
nondegenerate periodic orbit {P,T) of (M+,X+) at z € r+ asymptotically. Then 

lim u o (j)z{s, t) = P{Tt) 

s—>-oo 

in M). Moreover, u has the following asymptotic formula near the asymptotic orbit. 

uo(fz{s,t) = expp(pt)[e'^*(e(t) + r(s,t))] 

where 

(i) r{s,t) € f,P{Tt) converges to 0 uniformly in t € with all derivatives as s —>■ oo; 

(ii) A G M is a negative eigenvalue of the asymptotic operator Ap on r^(^p) withdouiAp = 

by 

Ap{v) := -J{Vtv-TV,X+); 

(hi) e{t) G r^’^(^p) is an eigenfunction of Ap belonging to A. 

For a negative puncture z G T” where u converges to a nondegenerate periodic orbit (P, T) 
of the same statements remain true with P{Tt) replaced by P{—Tt) and with a 

negative eigenvalue A G cr{Ap) replaced by a positive eigenvalue. 

Let r be symmetric, i.e. I(T) = T and let holomorphic polar coordinates fiz '■ 1^+ 

Z//(z) \ z at z G Lg satisfy 

(t)z{s,-t) = I o (f)^{s,t). (4.1) 

Suppose that u : (S"^ \ Tj -^) (^i p) is an invariant finite energy sphere with respect to 

J G Jp. Note that a nonremovable puncture z G Lg converges to a symmetric periodic orbit. 
In this situation, 

uo (f>,zis,0), uo(j)^{s,^ GFixp. 

Since r{s,t) —)• 0 as s —>■ oo, Tp{e{t)) = e{—t) and r(s,0), r(s, ^) G Fixp. Hence, 
eit) G FixPpl^p^^j, rp|^^(^^e(t) = -e(t), ^ = 0, 

Suppose that (P, T) is a symmetric periodic orbit. Then C := P|jg tj is a Reeb chord satisfying 
the boundary condition 0(0), C{T/2) G Fixp. We denote by F^(^c') the space of L^-sections 
u of ^(7 —>■ C with v{t) G FixTpl^j^^^j for t = 0, 1/2 and by Fp^(^( 7 ) the subspace of Fp(^( 7 ) 
consisting of VF^’^-sections v with the additional boundary condition rp|^^^^^i;(t) = —v{t) for 
t = 0, 1/2. Then the asymptotic operator Ap in the theorem descends to an operator Ac 
on Fp(^c') with domHc = F/’ (^c) since J € J'p and p*X± = —X±. Hence the following 
corollary directly follows from the theorem. 

Corollary 4.2. Let u : (S^\F,/) (^iP) be an invariant finite energy sphere converging to 

a nondegenerate symmetric periodic orbit {P,T) of {Ep,Xp) at z € Fg asymptotically and 
let uj : (P+, Fix/) \ F/ —>■ (H,Fixp) be the associated finite energy half-sphere. Then 

lim ui o (pzis, t) = C{Tt) 

s—>-co 
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in C°°([0,1/2], M) where {C,T/2) is the half-chord of{P,T). Moreover, uj has the following 
asymptotic formula near the asymptotic orbit: 

ui o = expc( 7 . 4 )[e^'’^(ep(t) + rp(s,t))] 

where 

(i) rp{s,t) € f,c{Tt) converges to 0 uniformly int ^ [0,1/2] with all derivatives as s ^ oo; 

(ii) Ap € M zs a negative eigenvalue of the asymptotic operator Ac on r^(^c'); 

1 2 

(iii) ep(t) G Fp’ {f,c) is an eigenfunction of Ac belonging to Xp. 

For a negative puncture z € F^ where u converges to a nondegenerate symmetric periodic 
orbit {P,T) of {M-, X-), the same statements remain true with C{Tt) replaced by C{—Tt) 
for the half-chord C of P and with a negative eigenvalue Xp G (y{Ac) replaced by a positive 
eigenvalue. 

Remark 4.3. The asymptotic behavior for general finite energy half-planes with totally real 
boundary conditions is studied by Abbas [Abb04] . 

4.2. Winding numbers. We briefly recall a notion of winding numbers associated to finite 
energy spheres from [HWZ95b] and extend this to finite energy half-spheres. Let u = (a, u) : 
S'^\F ^MxMbea finite energy sphere with F 7 ^ 0 in the symplectization (M x M, d{e^ a)) 
of (M, a). Due to holomorphicity, tt oTu{z), z G \ F where vr : TM ^ ^ is complex linear: 

7rorn(z) GHomc(T,(52^F),C„(,)). 

We keep assuming that tt o Tu 7 ^ 0 to exclude the trivial case that ti is a trivial cylinder over 
a periodic orbit. Let 4> be a unitary trivialization of u*f, discussed in the previous section. 
Using and the trivialization U{z) = M+ x given by at z G F^, we trivialize the 
complex line bundle Homc(T'(S'^ \ F), u*^) over \ F and also the section tt o Tu of it. We 
denote the trivialization of the section tt oTu with respect to near z G F by 

'yf : ZF(z) —>■ Homc(C, C). 

Then we abbreviate 

pf (s) : ^ C, t hA (yf o0^(s,±t))(e=^**), zeT^ (4.2) 

respectively and the winding number at z G F is defined by 

windf,(n; 2 ;) := lim ^ f {pf{s))*d9 

s->-oo ZTT Jgl 

where 9 is the angular coordinate on C. The winding number at each puncture depends on 
the choice of the trivialization $ of u*f, but the total winding number 

windoo(fi) := ^ windf,(n;z) - ^ windf,(ii; 2 ) 

2gr+ zer- 

is independent of this choice, see [HWZ95b]. 

Proposition 4.4. [HWZ95b, Proposition f.l] Let ft = (a, u) : \ F —)■ R x M be a finite 

energy sphere with nondegenerate asymptotic periodic orbits. Then 

Z{tt o Tu) := {z G \ F I tt o Tu{z) = 0} 

is a finite set and each zero z G Z{7r o Tu) has a positive degree. 
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We denote by winder(tt) the sum of the degrees of zeros m Z{'k oTu). As a consequence of 
the above proposition, it holds that 

0 < wind^(ii) < oo. 

Proposition 4 . 5 . [HWZ95b, Proposition 5.6] Let ft = (a, u) : \ F — )■ M x M he a finite 

energy sphere with nondegenerate asymptotic periodic orbits. Then 

windoo('u) = wind7r(M) + (2 — #r). 


In what follows, we shall generalize the notion of such winding numbers to finite energy 
half-spheres. For an invariant finite energy sphere u = (a, u) : (5^,/) —>■ (M x M,p) for 
J ^ Jp with nondegenerate asymptotic periodic orbits, consider a finite energy half-sphere 
ui = {ai,ui) : (F>+,FixI) \F/ —>■ (R x M, Fixp). We assume that Fg is not empty. We have 

•KoTuiiz) G Homc((r2F)+,T;jFix/), (4(2),r^2)Fix/9)) 

which means that 

7toTui{z) € Homc(T^F>+,^„(^)) 
and for 2 G Fix/\Fa, it additionally satishes that 

TT oTui{z)\T,Fml G HomM(r^Fix/, r„( 2 )Fixp). 

We abbreviate 

Z{7r o Tui) := {z G \ F/ | vr o Tui{z) = 0}. 

Using a symmetric unitary trivialization <I> of u*^ as in Lemma 3.10 and symmetric holo- 
morphic polar coordinates fiz '■ 1R+ x 5^ ^ ™ (4.1) on a small neighborhood lA{z) of 

z G Fg, the section tt oTu is written as follows. 

7? : Fix^ Home((C,R),(C,R)) 

The map dehned in (4.2) satishes 

The relative winding number at z G Fg is dehned by 

wind^(M/,z) := lim — / {pf{s)yde G -Z 
s-^co 2 tt Jq 2 

where 9 is the angular coordinate on C. The winding number of u/ at z G Fq is dehned as 
before, i.e. 

wind* (ft/; z) := wind* (u, z). 

As before, each (relative) winding number depends on the symmetric trivialization of u*j^ 
whereas the total winding number 

windoo(u/) := ^ wind^(ti/;z) - ^ wind* (u 7 ;z) 
zerf zgtj 

does not. 

We dehne wind 7 r(n/) := wind7r('u)/2. It is easy to show that this agrees with the sum of 
the (half-) degrees of zeros in Z{tt o Tui) = Z{'k oTu) P 11+. 

Recall that the Robbin-Salamon index of a chord (C, T /2) cannot fully determine the 
Conley-Zehnder index of a symmetric periodic orbit {P = C‘^,T). Nonetheless, the following 


24 


URS FRAUENFELDER AND JUNGSOO KANG 


proposition shows that the winding number of uj is exactly half of the winding number of u. 
This simple observation turns out to be crucial in the proof of our main result. 

Proposition 4.6. Let u = (a, u) : \ T,I) —>■ (M x M, J, p) be an invariant finite energy 

sphere as above. Then, 

windoo(fi) = 2windoo('U/) 


Proof. Since TpoTu = TuoTI and all involved maps respect symmetry, we have 


for (s,t) € M+ X and z ^Tq and therefore 2wind^(f(/; z) = wind^('u;z). Moreover, since 
punctures in r\Fix/ appear in pairs with the same winding number, the claim is proved. □ 


The following corollary is a direct consequence of Proposition 4.5 and Proposition 4.6. 


Corollary 4.7. For u in Proposition 4-6, we have 

windoo(ft/) = wind^(ti/) + ^(2 - #r). 

A well known fact is that parity of Pq 2 ,{^) ^ periodic orbit {P,T) remains unchanged 

under a change of trivialization of of ^p. So we can denote by 

p{P) G {0,1} 

the parity of trivialization 4>, i.e. p{P) = 1 if Pq.^{P) is odd and p{P) = 0 

otherwise, and P = rodd(ll) LI reven(ll) where rodd(ll) resp. reven(ll) is the set of punctures 
with odd resp. even indices. Like the winding number the total index of a finite energy sphere 
u: S^\r ^Rx M 

•= ^ Tcz{Pz) — ^ hcz{Pz) 
z£r+ zeF” 

where Pz is an asymptotic periodic orbit at z G P, does not depend on the choice of the 
trivialization of u*^. 

Using the asymptotic representation of ft, we are able to compare the winding number of 
ft at z G P with the index of the corresponding asymptotic periodic orbit {P,T). 

Proposition 4.8. [HWZ95b] Let u = {a,u) : S‘^\r —M x M be a finite energy sphere which 

converges to a nondegenerate periodic orbit {P,T) at z G P. It holds that for any unitary 

trivialization ofu*f, 

windj,(a; ^ [PcziP) “ P{P)) > z 

and 

wind* (n;z) > +P{P))^ z G P". 

In consequence, we have 

p{u) > 2windoo('w) + #rodd(ft) 

If in particular u is a finite energy plane, pcz{P) > 2. 

Imitating the above proposition, we prove the corresponding result for finite energy half¬ 
spheres. The total index of a finite energy half-sphere uj is 

p{ui) := ^ /^Rs(C'z) + ^ PcziPz) — ^ P-RsiP'z) — ^ TcziPz) 
zer+ zGr+ zgF” zeF” 
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where and are asymptotic periodic orbits and chords atz€r/ = roUrg respectively, 
and again this is independent of the choice of symmetric trivializations <h of u*^. 


Proposition 4.9. Let u = (a, u) : \ T ^ M x M be an invariant finite energy sphere. If u 

converges to a nondegenerate symmetric periodic orbit {P,T) at z G Fg, we have 

wind^(u7; z) [hRsiC) - , zGr+ 

and 

wind* (ft/; z)>^ [hRsiC) + ^), zGTq 
where {C,T/2) is the half-chord of{P,T). In consequence, we have 

> 2windoo(ft7) + + iffLo n Fodd)- 

If in particular u is an invariant finite energy plane, fiRsiC) > 3/2. 


Proof. Let ep{t) G F^’^(^c') be an eigenfunction of Ac representing the asymptotic conver¬ 
gence rate of uj, see Corollary 4.2. Restricting the trivialization to C, we have ‘hc(^) ^ C —>■ 
fc(Tt)- If we write = - Jo^(t)4'(t)“^ where 4'(t) = o ^</a±(C'(0))|jc o 4>c(t), 

the asymptotic operator Ac is written as 

Ad^ = -Jo^^ - D^(t) : Lj(lO,l/2j,M^) ^ Lj(lO,l/2j,M^) 

with respect to the trivialization ^c- Then 

e* € L?([0,1/2 ],r2 ), t ^ <^c(t)-\ep(t)) 


is an eigenfunction of Ac^ belonging to a certain negative/positive eigenvalue Azp G M. There¬ 
fore we have 

wind* = r(;(e*, z gT^ 

which in turn implies 

wind* (u/; z) < ai{D^), z gTI^ 


and 

wind* («/; z) - -> a/(L»$), z gTq. 


Since ~ 2aj{D<^) + 1/2, the first two inequalities are proved. These together with 

Proposition 4.8 show the third inequality. The last assertion concerning an invariant finite 
energy plane follows from the inequality wind,r('h/) > 0 and Corollary 4.7. □ 


4.3. Transversality. We have chosen antiinvariant almost complex structures 77/ to consider 
invariant finite energy spheres. Since this choice is restrictive, one cannot achieve transver¬ 
sality and this obstructs the study of moduli spaces of finite energy spheres in general. Our 
idea to get round this difficulty is to use the facts that somewhere injective finite energy half¬ 
spheres are regular for a generic J G Up and that finite energy planes in a symplectization 
always have index large enough to satisfy automatic transversality. 

Proposition 4.10. [HWZ99] Any finite energy plane ft : C —M x M with p,{u) G {2,3} is 
regular for every compatible cylindrical J. 
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For a further study on automatic transversality for finite energy spheres, we refer the reader 
to Wendl’s work [Wen 10]. 

Recall that a finite energy sphere u : S'^ \ T —>■ H is called somewhere injective if there is a 
so called injective point 2 € 5*^ \ F such that du{z) ^ 0 and u~^{u{z)) = {z}. 


Definition 4.11. A finite energy half-sphere uj : (D_|_,Fix/) \ F/ —?■ (H,Fix/5) is called 
somewhere injective if its double u : 5^ \ F —)■ H is somewhere injective. A point 2; G \ F/ 
is called an injeetive point of uj if 


duj{z)y^0, Uj^{ui{z)) = {z}, Uj^{poui{z)) 


{z} zGFixI, 

0 2; ^ Fix I. 


Note that if uj is somewhere injective, imui 7^ im (p o ui). 


Lemma 4.12. If a finite energy half-sphere ui : (D_|_,Fix/) \ F/ —>■ (H,Fixp) is somewhere 
injective, the set of injective points is open and dense. 


Proof. We recall that the set T{u) of injective points of a somewhere injective curve u : S‘^\ 
F —>■ H is open and dense, see [HWZ95b]. We claim that the open dense subset I{u)\d+ of D_|_ 
consists of injective points of uj. The first two properties are obvious. The last requirement 
follows from the observation that for 2; G T('u), u~^{p o u{z)) = I{u~^{u{z))) = {1(2;)}. □ 


Now we prove that a somewhere injective finite energy half-sphere is simple. 

Theorem 4.13. If an invariant finite energy sphere u : (5^ \r, /) —>■ (H, p) is not somewhere 
injective, there exist a set of punetures F C with /(F) = F, a holomorphic map p : 5^\r —)■ 
5^ \ F with deg(p) > 1, and a somewhere injective invariant finite energy sphere 


satisfying 


poI = Iop, u = uop. 


Furthermore the map p is a eomplex polynomial with real coefficients. 


Proof. Due to [HWZ95b, Section 6], there exist an underlying finite energy sphere u : 
5^ \ F, —>■ (S, J) and a complex polynomial p : 5^ \ F —)• 5^ \ F of deg(p) > 1 such that 
u = uop. Let Z{u) be the set of noninjective points of u, i.e. 

Z {^ = {^z & \T_\ dufz) = {) or {u{z)) {z}'^. 

According to [MS04] together with the asymptotic formula, Z{u) is countable and can only 
accumulate at critical points of u whose cardinality is finite. Since w := is an 

embedding and its image is invariant under p, we consider the involution w~^ o p o w on 
5^ \ (F U Z{u)). Using p*J = — J and w*J = i, we deduce 

{w~^ o po w)*i = {po w)*J = —w*J = —i. 

In other words, w~^ o p o tc is an anticonformal involution on \ (F U Z{u)). We think of 
that 

w-^ opow: S^\{TU Z{u)) ^ 5^ \ F. 

Due to the asymptotic behavior of u, the image of an open neighborhood of 2; G .Z (u) under 
w~^ o pow is bounded inside H. Therefore points in Z[u) are removable singularities and we 
obtain the extended map 

I : 5^ \ F —)• \ F, Zls2\(ruz(n)) = ■^ ^opow. 
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By the unique continuation theorem, pou = uoI_ holds on S‘^\T and / is still anticonformal 
and involutive. In a similar vein we have po I = 1_ op since 

u{l_ o p{z)) = po u{p{z)) = p o u{z) = u{I{z)) = u{p o I{z)) 

and u is an embedding almost everywhere. It remains to show that / = / indeed. Since / is 
anticonformal and proper, it is a complex polynomial composed with the complex conjugation 
I. Moreover involutivity yields that / is either I or —I. If the latter is the case, namely / = — 
we repeat the argument with u replaced by u o i. □ 


In the absence of symmetry, transversality results and Fredholm index computations of 
somewhere injective finite energy spheres are discussed in various articles, see [Dra04,Bou02, 
BouOG, Wenl4]. It is well known that these arguments are easily modified to prove the fol¬ 
lowing statements. 


Theorem 4.14. Let uj : (Il_|_,Fix/) \ F/ —)• (H,Fix/5) be a somewhere injective finite en¬ 
ergy half-sphere with nondegenerate asymptotic orbits. For a generic J € Jp, ui is regular. 
Moreover the Fredholm index of uj is 


Ind(n7) — ^ p,^q{Cz) -I- ^ FcziPz) — ^ hnsi^z) — ^ Fczi^z) 
2:er+ 2er+ zgF" ^gF” 

, „ ,,(2-#F) 

-|- (dim.=, — 3)---. 


for a unitary trivialization of {ui)*{T'F,,TF[xp). If a somewhere injective finite energy 
sphere u : \ F —>■ H with nondegenerate asymptotic orbits is not invariant, it is regular for 
a generic J ^ Jp with the Fredholm index 


Ind(i2) = PcziPz) - Y h-cziPz) + (dimH - 3)(2 - #F) 
2Gr+ zgf- 


for a unitary trivialization $ of iFTr.. Note that this transversality result ensures that 


Ind(ft 7 ), Ind(n) > 0 

in general and furthermore 

Ind(i 27 ), Ind(u) > 1 

if (H, n, p) is the symplectization of a contact manifold (M, a, p) and n o Tuj, n o Tu zfi 0 . 


5 . Real holomorphic curves in 

In the following we think of as the line at infinity in via the embedding [zq, zi] i—>■ 
[zq, zi,0]. The complement CP^\CPj^ can now be identified with via the map [zq, zi, Z 2 ] e-)- 
endow CP^ with the Fubini-Study form cups- We consider on (CP^,a;Fs) the 
antisymplectic involutions 

p: CP^ ^ CP^, [20,^1,22] [zo,zi,Z 2 ] 

so that p \£2 = p : ( 21 , 22 ) i-->- ( 21 , 22 ). The fixed point set of an antisymplectic involution is a 
Lagrangian submanifold unless it is empty. In particular, we have 

Fixp = RP2 c CP2. 
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As in the complex case we think of as a compactification of by adding a circle 
at infinity. We choose a 1-form 


on C^, where Zi 


Afs := 


1 

2(i + E?=i(xKy')) 


2 

'^{xidyi - Vidxi) 
i=l 


Xi + iyi so that 


dAps = wfs|c2 


1 

(1 + E ?= i ( x 2 + 2/|))2 


2 

'^dxi A dyi. 
i=\ 


Let M be a starshaped hypersurface in (C^,a; = dX) such that p{M) = M. We additionally 
assume that {M,a = A|m) is nondegenerate, i.e. every periodic Reeb orbit is nondegenerate. 
We choose k > 0 such that -M := {A(zo, zi) G | {zq, zi) € M} is included in the open unit 
ball P C C^. Since 

S : {B,u) (C^,WFs), {xi,yi,X2,y2) ^ ^ {xi,yi,X2,y2) 


is a symplectomorphism such that S o p = p and iS*Afs = A|b, the dynamics of Aps on 
(iS(Am),p) is equivalent to that of A on (M, p). Abusing the notation, we denote S{^M) C 
CP^ by M again. Let P be a Liouville vector field defined on a neighborhood of M C CP^, i.e. 

= Afs- Using the flow of L we identify a neighborhood of M with ([— e, e] x M, c^’AfsIm) 
for small e > 0 where r where r is the coordinate on [—e, e]. The hypersurface M divides CP^ 
into two connected compact components with boundary M. We denote by V the component 
containing CP^^ and by lU = CP^ \ V. Following [HWZ03], we stretch the neck of CP^ in 
an open neighborhood of M and obtain {CP‘^,u]n), A" G N such that 

i) CP^ is diffeomorphic to W U([—A, A] x M)UU/ r\j where ~ indicates the boundary 
identification dW = {—A} x M and dV = {A} x M; 

ii) the symplectic form ujn is defined by 


I d{ipNXFs) [-N - e,N + e] X M, 
um = < 

[ OJFS WUV\{[-N-e,-N]U[N,N + e])xM. 

for a small e > 0 where p is a smooth function such that 


PN ■ [-N - e,N + e] p'n > 0, pN{r) 


^r+N 

^r-N [jv + e/2,A + e]. 


For the detailed construction we refer the reader to [HWZ03]. 

We also stretch p and the complex structure to pat and Jn respectively so that 

i) Pn = p on U U it and p^v = p on [—A, A] x M C C^. Accordingly, p^wat = —ojn- 

ii) Jat preserves the contact hyperplane ^ = ker Aps and Ja^I^ is cuArl^-compatible. 

hi) Jat is antiinvariant with respect to pat, equal to the standard complex structure of 
CP^ near CP^^, and cylindrical on the cylindrical part [—A, A] x M. 

We abbreviate by Jn the set of wps-compatible almost complex structures with these three 
properties. Denote by MP^ := FixpAr. 

We are interested in JAf-holomorphic spheres in CP^ invariant under pat. Let C be a 
JAT-holomorphic sphere homologous to CP^ C CP^. Then by the adjunction formula [Gro85, 






REAL HOLOMORPHIC CURVES AND INVARIANT GLOBAL SURFACES OF SECTION 


29 


McD91], C is always embedded. There exists a unique complex line C passing 

through any two prescribed points CP^. Thus, there exists a unique Jw-holomorphic sphere 
homologous to (CP^, Jw) passing through any two points p, g G CP^ due to positivity of 
intersections and the implicit function theorem, see [HWZ03] for details. This is true even for 
Jn G >Jn due to automatic transversality [HLS98]. Furthermore, observe that if p, g G MP^, 
such a C is pTv-invariant, i.e. 

PNiC) = C 


by the uniqueness. 

We fix a point Ooo in MP^^ C MP^. Then [HWZ03, Theorem 2.15] refines as follows. 


Theorem 5.1. There exists a unique embedded Jjsr-holomorphie sphere 

C {CP‘^, Jn, Pn,<^n) 

for q ^ Ooo which is homologous to CP^ C CP^ and passes through g, Ooo G CPn- Note that 

i) Cn and either coincide or interseet exaetly at Ooo transversally. 

ii) pn{Cn) = embedded Jn- holomorphie sphere. 

hi) Cn is pN-invariant if q G KP^. 

iv) C% = CPi, i/gGCPi,. 

Observe that {C^} form a singular foliation of CP^ with the only singular point Ooo- 
Therefore there exists go G MP^ such that 

C ([-A^, A^j xM)UV/ ~, min7r7v(C^° O ([-A^, A^j x M)) = 0 

where ttn ■ [—A^, N] x M ^ [—Ai, A^j is the projection along M. This special Jw-holomorphic 
sphere will generate an invariant fast finite energy plane. 


6. Invariant fast finite energy plane 


In this section we briefly discuss compactness results of a sequence of holomorphie parametriza- 
tions of eff , A^ G N and show that a piece of the limit holomorphie curves is indeed an invariant 
fast finite energy plane. Recall that we have assumed that (M, a) is nondegenerate. To begin 
with, the limiting object of {CPn, Jn-,Pn-,^n) is 


where 

and 

for 


(bF , Jooi Pooi ^ , Too, Poo, dX), (V , Too, Poo, aiy) 

W = VTU ([0,oo) X M)/ V = ((-oo,0]) x M) U R/ ~ 


^w = 


ojps bF 

d(ip+a) [0,oo) X M ’ 


= 


<VFs y 

d{ip-a) (—00,0] X M 


(p+ : M± —>■ (0,1), (p(j_ > 0, p±(s) = e* near 0. 

Here ~ indicates the identiheation as before along the boundaries which are diffeomorphic to 
a copy of M. Note that 

Pcx)|^ — Pi PooIrxM — P' 

We choose a JAr-holomorphic parametrization 

WN ■ ^ CPn, wn o I = Pn o wn, WNizo) G {0} x M, WNioo) = Ooo- 
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of the embedded JAr-holomorphic sphere C® in Theorem 5.1 so that the sequence {tCAr} 
converges to a holomorphic building as follows. Here 1 ( 2 ;) = z, z € 5^ = C U { 00 }. The 
bottom of the building is composed of finite energy planes in W or M x M 

ttip : C —IT (or M X M), • • • , ui^m ■ C —IT (or M x M) 

for m G N, 

Ui^i : \ Tip —>Rx M, ■■■ , Ui^m : \ Tj^^. —M x M 

for Ui € N are punctured finite energy spheres in the middle stories 2 < i < q — 1 and the top 
is a single punctured finite energy sphere 

= ug : S" \ r, ^ T 

meeting the following properties. 

i) The positive asymptotic periodic orbits of Ui^j match with the negative asymptotic 
periodic orbits of Uj+ijv, 1 < i < q — 1 appropriately. 

ii) Every curve Ujj, l<i<q — l.,l<j<ni has precisely one positive puncture. None 
of this is a trivial cylinder over a periodic orbit. 

hi) The whole building is invariant, i.e. if Uij intersects with Fixpoo) Uij o I = o Ui j 
and otherwise Uij o I = o Uij/ for some 1 < j ^ j' < ni. A curve Uij is invariant 
if and only if the positive asymptotic periodic orbit is symmetric. 

iv) In particular, Ug is invariant and intersects CP^ once at Ooo transversally. 

v) There exist 1 < k < q — 1 and 1 < ^ such that T^. £ = { 00 } and 

Uk,£ = {ak/,Uk,e) : \ Tk,e = C X M, minafc = 0. 

We refer to [HWZ03] for details on this SET compactness result, see also [BEHWZ03,CM05]. 

Recall that pcz{P) = MRs(C') = /^rs(C') for any trivialization <1> of filling 

(half-) disks of a periodic orbit P and a chord C in {M,X,p), see (3.11). 

Lemma 6.1. Let Ug : 5^ \ T^ — ?■ T be the invariant finite energy sphere above. The 
constrained Fredholm index of the finite energy half-sphere {uq)i : (Zl+,FixI) \ (T^)/ —)■ 
(T, FixPoo) with {ug)j{oo) = Ooo equals 

Ind(({ig)r; Ooo) = - ^ ms(C'z) - ^ fJ-CziPz) + + #^0 + 1 

Z&{Tq)s Z&{Tq)o 

where Cz's and P^’s are asymptotic chords and periodic orbits of Ug at 2 ; G (Lg)/ = (rg)^ U 
(rg)o respectively. 

Proof. This corresponds to [HWZ03, Proposition 5.2] and we outline a proof. According to 
Theorem 4.14, for a symmetric unitary trivialization <1> of u*TV, 

Ind((ug)/; Ooo) = — ^ k-Rsi^z ) “ ^ k-czi^z ) ^ ^ ~ 2 

zer- zer- 

since the condition {ug)i{oo) = Ooo decreases the index by 1. We choose maps from C to 
R X M capping off punctures of Ug so that these together with Ug give a map 5^ —)■ CP^ 
homologous to CP^ C CP^ after gluing. Then the arguments in Corollary 3.14 show 

E ^Rs(C’.)+ E k^cz{Pz)= E 4s(C'.)+ E /^cz(^.) + ci(rcp2)[cpi] 

Z^{^q)d Z^{Tq)o Z^{Vq)Q Z^iVq^o 
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and this proves the lemma. □ 

Proposition 6.2. If (M, a) is dynamically convex, the finite energy plane Uk/ : C —M x M 
is somewhere injective and invariant. If we write P for the symmetric asymptotic periodic 
orbit and C for the half-chord of it, we have 

ms(C) =-, /icz(^’) € {3,4}. 

In fact we have shown here that nonsymmetric asymptotic periodic orbits in the holomor- 
phic building have Conley-Zehnder indices in {1,2} and the half-chords of symmetric asymp¬ 
totic periodic orbits have Robbin-Salamon index in {1/2,3/2} without dynamical convexity. 
However this fact will not be used later. 

Proof. The idea of the proof is analyzing indices using Corollary 3.13, Theorem 4.14, and 
Lemma 6.1 from the bottom to the top of the holomorphic building inductively. This is a 
symmetric counterpart of [HWZ03, Proposition 5.7]. 

Let Ui j be the underlying somewhere injective finite energy plane of uij-. If uij- is not 
invariant, is cut out transversally for a generic Joo € Jp, its positive asymptotic periodic 
orbit has Conley-Zehnder index at least 1. If it is invariant, the finite energy half-plane (uij)/ 
is cut out transversally for a generic Joo S Jp and the asymptotic chord has Robbin-Salamon 
index at least 1/2. Recall that /xcz and /xrs do not decrease under iteration if the initial 
indices are at least 1 and 1/2 respectively. Moreover otherwise, they do not increase. 

Suppose that uij, 2 < i < q — 1 is invariant and Conley-Zehnder indices of its nonsymmetric 
negative asymptotic periodic orbits are at least 1 and Robbin-Salamon indices of the half¬ 
chords of its symmetric negative asymptotic periodic orbits are at least 1/2. We denote by u^ j 
the underlying somewhere injective finite energy sphere of Uij. Then its negative asymptotic 
orbits have the same property as observed above. If vr o Tuij J 0, since 

Ind((:Ujj)/) = /iRs(C+) - ^ /iRs(C'") - ^ ncziPfi) + ^ ^2^ -^ #^0 - 1 > 1) 

zGF" zgf- 

where C~^ a positive asymptotic chord, Cf's are negative asymptotic chords, and Pfi’s are 
negative asymptotic periodic orbit of we have ^iRs{C~^) > 3/2. In the case that 

TToTuij = 0, u^J is a trivial cylinder, one can easily show that p-Rs{C~^) > 1/2. If Uij is not in¬ 
variant, the argument of [HWZ03, Proposition 5.7] goes through and thus the Conley-Zehnder 
index of the positive asymptotic periodic orbit of ui^j is at least 1. Hence we have shown that 
asymptotic nonsymmetric periodic orbits of the limit building have Conley-Zehnder index at 
least 1 and the half-chords of asymptotic symmetric periodic orbits have Robbin-Salamon 
index at least 1/2 by induction. 

Suppose that there is a symmetric asymptotic periodic orbit in the holomorphic building 
such that its half-chord has Robbin-Salamon index at least 5/2. Then arguing as above, {uq)i 
has a negative asymptotic chord with index at least 5/2. Since {uq)i is somewhere injective 
due to the constraint at Ooo, by Lemma 6.1 we have 

Ind((Mg)/;Ooo) = - ^ /iRs(C'“) - ^ p.cz{Pfi) + + #r“ -h 1 < -1 

zer- zery 

where Cfi's are negative asymptotic chords and Pfi are negative asymptotic periodic orbits. 
This contradiction shows that the half-chords of symmetric asymptotic periodic orbits in 
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the holomorphic building have Robbin-Salamon index in {1/2, 3/2}. In a similar vein, every 
nonsymmetric asymptotic periodic orbit in the holomorphic building has to have Conley- 
Zehnder index in {1,2}, since otherwise Uq has a negative nonsymmetric asymptotic periodic 
orbit with Conley-Zehnder index at least 3 or {uq)i has a negative asymptotic chord with 
index at least 5/2 which in turn imply Ind(a} 7 -; Ooo) < — 1 again. 

Suppose by contradiction that the hnite energy plane Uk/ is not invariant. Let ^ be the 
underlying somewhere injective finite energy plane of Uk,e- Then its asymptotic periodic orbit 
P is nonsymmetric and has Conley-Zehnder index at least 3 due to the dynamically convexity 
assumption and Corollary 3.13. Arguing as before again, this results in the curve in the next 
story and hence Uq has to have either a nonsymmetric negative asymptotic periodic orbit of 
Conley-Zehnder index at least 3 or a symmetric one with Robbin-Salamon of its half-chord 
at least 5/2. We showed that neither happens. This concludes that Uk/ has to be invariant. 

To show that Uk,i is somewhere injective, suppose Uk,i = Afc £ ° P for some holomorphic 
branched covering p : C —>■ C and some somewhere injective invariant finite energy plane 
If we write the positive asymptotic chord of {uk,i)i by C and that of by Cq, 

C = Since /Urs(C'o) > 3/2 by Proposition 4.9 (or by Corollary 3.13 again) and 

A*Rs(d) < 3/2 as shown above, by Proposition 3.9 degp = 1 and therefore Uk,i is somewhere 
injective with /Urs(C) = 3/2. The claim that /rcz(T’) < 4 follows from Proposition 3.6 and 
Proposition 3.8. 

□ 


For notational convenience, henceforth, we write 

u := Uk/ = (o, u) : C —^ M x M. 

In what follows, we will show that this somewhere injective finite energy plane is fast, i.e. 
the asymptotic periodic orbit is nondegenerate and simple, and if u is an immersion and 
transversal to X. The last requirement is equivalent to wind,r(fi) = 0. 

Proposition 6.3. The invariant finite energy plane u = {a,u) : C —>■ M x M satisfies, 

wind7r(M) = 0, windoo('u) = 1- 

Proof. Since wind.n-('u) > 0 it follows that windoo(ii) > 1- From Proposition 4.9 we have 

2windoo(ti7) < hRs{C) “ ^ = 1 

where C is the asymptotic chord of uj. Therefore we conclude with Proposition 4.6 that 
wind7r(ii) = 0 and windoo('S) = 1- D 

Corollary 6.4. The invariant finite energy plane u is embedded and fast. 

Proof. Due to dynamical convexity, the asymptotic periodic orbit of u is simple since oth¬ 
erwise pLcz{P) > 5 for the asymptotic periodic orbit P of u by Corollary 3.13. This together 
with the previous proposition shows that u is fast. Note that u is an embedding near infinity 
due to Theorem 4.1 together with the fact that the asymptotic periodic orbit of u is simple. 
Moreover, since it is a piece of the limit of embedded curves, the whole u is an embedding. □ 

A standard argument in [HWZ98, Hryl2] shows that the existence of a fast finite energy 
plane into M x M gives rise to a global disk-like surface of section for the Reeb vector held X in 
M under nondegeneracy and dynamical convexity. Moreover nondegeneracy can be dropped 
by a limiting argument, see [HWZ98, Hryll]. Hence our invariant fast hnite energy plane u 
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provides an invariant global disk-like surface of section in Theorem 2.3. Other assertions in 
the theorem follow as by-products. For the reader’s convenience, we outline this argument. 

We say that two finite energy planes u, u' : C —>■ M x M are equivalent if there exists a 
biholomorphic transformation 99 on C such that u = u' o ip. We assume again that {M,X) 
is nondegenerate. Let M be the moduli space of equivalence classes of finite energy planes 
in M X M equipped with the Cj“-topology and the topology of uniform convergence near 
infinity. Consider the connected component Ai{u) of A4 containing u. Denote by P the 
asymptotic periodic orbit of u and by Ap the asymptotic operator. For any c € (—oo,0) 
such that c ^ a[Ap)., the constrained moduli space Ad(u; c) is composed of elements in A4{u) 
with the asymptotic convergence rate A in Theorem 4.1, which is a negative eigenvalue of the 
asymptotic operator Ap, smaller than c. The virtual dimension of A4{u',c) agrees with the 
constrained Fredholm index 

^(■u; c) = pcz{P', c) - 1 . 

Here the constrained Conley-Zehnder index is defined by 

pcz{P]c) := 2a{Sp;c) +p{Sp-,c) 


where 

and 


a{Sp; c) := max{r(;(A, Sp) \ A € < 7 (^ 5 ^) n (— 00 , c) 
p{Sp) := min{r(;(A, Sp) \ a{Ap) n (0, 00 )} — a{Sp-, c), 


or equivalently 

fJ-cziP] c) = pcz{P) - #W{Ap) n (c, 0 ))} 

= max{21 -I- j I X{{Sp) < c}. 

Note that A5 (S'p) < 0 since there is a finite energy plane in the symplectization asymptotic 
to P, see Proposition 4.8. We choose <5 < 0 satisfying 

6e{X\{Sp),Xl{Sp))n{-oo,0) (6.1) 

if the eigenvalue A}(S'p) < 0 or otherwise 


<5e(A?(5p),0) 


so that Ad (ft; 5) consists only of fast hnite energy planes in the component Ad(u). In partic¬ 
ular, if ficz{P) is either 2 or 3, M.{u) = Ad(£(;5). From Corollary 6.4, 

u G Ad(M; 5). 


We denote by 

#reven(n; 5) - ^ (l + G {0, 1}. 

Observe that 

Ind(u; 5) + if^Teveniu] 6) = 2. 


( 6 . 2 ) 


Lemma 6.5. For any u' = (a',u') G Ad(u,5), u' : C —)• M is an embedding. 


This can be proved by following [HWZ03, Theorem 2.7] closely using the fastness property. 
However by now this directly follows from Siefring’s work [Siellj. 
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Proof. Although the assertion immediately follows from [Siell, Theorem 2.6], we explain 
how the assertion follows from the adjunction formula by computing the (constrained) gen¬ 
eralized intersection number [u; 5] * According to [Siell, Theorem 2.3, Corollary 4.7] 

(see also [WenlO]), 

[t(;5] * [u;!?] = 2sing(n) i(Ind(i6;(5) - 2 + e^eniu; 6)) -1 + a{P). 

Here sing(£() is the singularity index, and d(P) the spectral covering number. The facts that 
u is an embedding and the asymptotic periodic orbit P is simple imply sing('u; c) = 0 and 
a{P) = 1. Therefore we deduce from (6.2) that [u] (i] * [u; <5] = 0. Due to homotopy invariance 
of the intersection number, 

[u'] 5] * [u],; (5] = [n; <5] * [u; <5] = 0 

where u'^{z) = {a'{z) -)- r,u'(z)) for any r G M and thus u' : C —5^ is injective for every 
u' = G Since u' is fast, u' is an immersion and hence an embedding. □ 

Suppose that a nondegenerate starshaped hypersurface (M, a) is dynamically convex. In 
fact, Proposition 4.10 holds in this constrained case and thus Ai{u',6) is a smooth manifold 
of dimension 2 . Since the constrained moduli space M{u]5) consists of equivalence classes 
of fast finite energy planes, the quotient space Ai{u] (5)/M dividing out the translation in the 
M-direction of the symplectization M x M is compact due to Hryniewicz [Hryll] and hence 
diffeomorphic to S^. Such a 5^-family of planes are embedded due to Lemma 6.5 in M and 
form a holomorphic open book decomposition due to Fredholm theory. Here we mean by 
holomorphic that it is liftable to an S'^-family of finite energy planes to the symplectization. 
As shown by Hofer, Wysocki, and Zehnder in [HWZ98, Proposition 5.1], every page of the 
open book decomposition is a global disk-like surface of section in particular our invariant 
fast finite energy plane u = {a,u) : C —>■ M x M gives rise to an invariant global disk-like 
surface of section tt(C) C M for X. A limiting argument in [HWZ98, Hryll] enables us to 
remove the nondegeneracy assumption. This completes the proof of Theorem 2.3. 

Remark 6 . 6 . {Symmetric open book decomposition). If we do not require holomorphicity 
of an open book decomposition, we are easily able to construct an invariant open book 
decomposition out of an invariant global surface of section. Let M be a manifold of dimension 
3 with a vector held X carrying an involution p such that = —X. Suppose that there 
exists a global surface of section S in M invariant under p. Let Tx be the hrst return time of 
X G S, i.e. 

Tx ■= min{t > 0 I G S}. 

Note that by o p = po 

Lr = (x) ■ 

We dehne a diffeomorphism : 5^ x S —>■ M \ as 

<^(0,z) := o i{z) 

where t : S —>• M\dT, is the embedding. Then every page 4>(0, S) C M\dT, is a global surface 
of section. By construction, for a given y G 4>(0, S) there exists x G S such that y = (j)^^^{x). 
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Then we have 

p{y) = P° (Px"(x) 

= ° p{x) 

= o o p{x) 

= o/)0(/)J(x). 

Since p (x) G S and Tx = Tpo</)5^=“(a;)) we conclude that 

po^{e,E) = ^>(1-0,S). 

In particular, the global surfaces of section <I>(0, S) and <h(l/2,S) are invariant under p. 
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